Abstract. In this paper, we obtain a closed form for
Introduction
Fibonacci, Pell and Jacobsthal numbers create well-known integer sequences and satisfy the following recurrence relations F n = F n−1 + F n−2 , F 0 = 0, F 1 = 1, P n = 2P n−1 + P n−2 , P 0 = 0, P 1 = 1, and J n = J n−1 + 2J n−2 , J 0 = 0, J 1 = 1, respectively.
In [5] , Mana gave the addition formula (1.1)
Similarly, in [3, p.89] , the following addition formula was given (1.2)
These two identities inspired us to investigate the general case. Eqs. (1.1) and (1.2) can be obtained by using Fibonacci Q-matrix Q = 1 1 1 0 .
A detailed history of Q-matrix can be found in [1] . Q-matrix satisfies some interesting relations. For example, for n ≥ 1, Koshy [3, p.363] gave
We use Q-matrix to calculate desired identities.
Addition Formulas for Fibonacci Numbers
Firstly, we can write the known results as follows:
Similar forms for F k 1 +k 2 +···+k n where n = 4, 5 and 6 are in the following theorem.
Theorem 2.1. For all positive integers k 1 , k 2 , . . . , k 6 , we have
Proof. From the matrix theory, we have
The entry
The final equality gives Eq. (2.1). The remaining two identities in the theorem can be proved similarly.
Above identities can help us to give the following conjecture for the general case.
Conjecture 2.2. For all positive integers k i , we have
Addition Formulas for Pell Numbers
In this section, we extend results of the previous section to the Pell numbers. We need the following matrix similar to Q-matrix P = 2 1 1 0 .
Properties of P-matrix can be found in [4] . P-matrix satisfies P n = P n+1 P n P n P n−1 , P n+1 = P n P, and P m+n = P m P n .
The following addition formula ([4, p. 30, Exercise 48]) can be obtained by using P-matrix:
Now we transform the last equation to another form:
and we have (3.1)
This form of addition formula is very useful for us. The main results of this section are in the following theorem.
Theorem 3.1. For all positive integers k 1 , k 2 , . . . , k 5 , we have
Proof. We proved the second identity (see (3.1)) at the beginning of this section. Now, we start with the proof of the third identity. P-matrix satisfies
This equation gives
The last equality completes the proof of the third identity. The remaining two addition formulas can be proved in a similar way.
We guess the general case in next conjecture.
Conjecture 3.2. For all positive integers k i , we have
(series A003462 in [6] ).
Addition Formulas for Jacobsthal Numbers
In previous sections, we gave addition formulas for the Fibonacci and Pell numbers. We investigate these addition formulas for Jacobsthal numbers in this section. As usual, we need the J-matrix:
This equality is our reference point, i.e., we write the other addition formulas similar to the last equation. We calculate one more identity for Jacobsthal numbers in order to estimate the general case.
Theorem 4.1. For all positive integers k 1 , k 2 , . . . , k 7 , we have
